Abstract. We study various specializations of the colored HOMFLY-PT polynomial. These specializations are used to show that the multivariable link invariants arising from a complex family of sl(m|n) super-modules previously defined by the authors contains both the multivariable Alexander polynomial and Kashaev's invariants. We conjecture these multivariable link invariants also specialize to the generalized multivariable Alexander invariants defined by Y. Akutsu, T. Deguchi, and T. Ohtsuki.
Introduction
Let sl(m|n) be the special linear Lie superalgebra. In [8] the authors show that the Reshetikhin-Turaev quantum invariant of links arising from the category of quantized sl(m, n) modules can be modified to produce non-trivial multivariable link invariants for each m, n ∈ N * and c ∈ N m+n−2 . For m ≥ 2, let M The variable q is the usual quantum parameter coming from the Reshetikhin-Turaev quantum group construction. The origin of the variable q i is as follows. The isomorphism classes of irreducible finite-dimensional sl(m|1)-module are parameterized by N m−1 × C. The invariant M 0 sl(m|1) is constructed by assigning the family of modules corresponding to (0, ..., 0, α i ), for α i ∈ C, on the ith component of L. The variable q i corresponds to q α i in this construction. These invariants associate a variable to each component of the link. There are very few known invariants with such properties. Such invariants including the multivariable Alexander polynomial and the generalized multivariable Alexander invariants {ADO m } m≥2 defined by Akutsu, Deguchi and Ohtsuki [2] . In this paper we use various specializations of the HOMFLY-PT polynomial to show that the invariants {M 0 sl(m|1) } m≥2 contain the multivariable Alexander polynomial and Kashaev's invariants [11] (which are a specialization of the invariants ADO m ).
Using the quantum dilogarithm, Kashaev [11] defines a family of complex valued link invariants K m indexed by integers m ≥ 2. He then observes that the hyperbolic volume of the complement of some simple hyperbolic knots is determined by the asymptotic behavior of these link invariants and conjectures that this is true for any hyperbolic knot. In [15] , H. Murakami and J. Murakami reformulate and strengthen Kashaev's conjecture as follows: "The colored Jones polynomials determine the simplicial volume for any knot." This conjecture has become known as the Volume Conjecture.
In making their reformulation H. Murakami and J. Murakami show that the set of generalized multivariable Alexander invariants {ADO m } m≥2 and the set of colored Jones polynomials have a non-trivial intersection. Moreover, they show that this intersection contains Kashaev's invariants.
In Section 4 we will show that a similar result holds for the invariants M 0 sl(m|1) ; namely, that the intersection of the set of multivariable link invariants {M 0 sl(m|1) } m≥2 and the set of colored HOMFLY-PT polynomials contains Kashaev's invariants. In the first half of this paper, we extend the fact that the two variable Links-Gould invariants {LG m,1 } m≥2 [12] specialize to the Alexander polynomial [4] by showing that the invariants {M 0 sl(m|1) } which can be seen as multivariable extensions of the Links-Gould invariants specialize to the Conway function ∇.
For a link L with k component and any integer m ≥ 2 the above discussion can be summarized by the following diagram:
Th 2; [4] o o
where a solid arrow represents an equality of the link invariants after a specialization (and possibly a renormalization) and a dotted arrow represents a similar equality which we conjecture to be true. For example, the down arrow in the middle of the diagram means
and "Th 1" indicates that the proof of this equality is given in Theorem 1. The construction of {M 0 sl(m|1) } differs from the construction of the link invariants {ADO m }. The definition of M 0 sl(m|1) relies on ribbon categories whereas the definition of {ADO m } use the Markov trace for the colored braid group. In both case, the standard method using ribbon categories or the Markov trace is trivial. To over come this difficulty, both constructions rely on a regularization of the corresponding standard method. The dotted arrow in the above diagram is correspond to Conjecture 4.7.
The Multivariable Invariant associated with sl(m|1)
In this section we show that the invariant M 0 sl(m|1) is related with the Links-Gould invariant and the Conway function.
First, let us formulate a general notation which will be used throughout. Let C be a category such that the set of endomorphisms of an object V are a module over some ring K. Suppose that f and g are endomorphisms of V such that f = xg where x ∈ K is a scalar. Then we set f : g = x.
1.1. U h (g)-modules. Here we recall a particular category of modules over the DrinfeldJimbo quantization associated to the special linear Lie superalgebra sl(m|n). For more details please see [6, 8] and the references within.
Set g = sl(m|n) (m = n) and let U h (g) be the DJ quantization associated to g over C [[h] ]. In this paper, by a U h (g)-module we mean a topologically free U h (g)-module of finite rank, i.e. a module over U h (g) which is of the form
where V is a finite dimensional g-module.
In [6] , it is shown that every g-module V can be deformed to a U h (g)-module which we denote by V . Let M = Mod U h (g) be the ribbon category of topologically free U h (g)-modules of finite rank and let Mod g be the category of finite dimensional g-modules.
An
The classical limit of V is the g-module V /(h V ). Denote by C : Mod U h (g) −→ Mod g the "classical limit" functor. Then V is a deformation of V = C( V ) (unique up to isomorphism). Lemma 1.1. The deformation of an irreducible g-module is an irreducible U h (g)-module.
Proof. If f ∈ End U h (g) ( V ), the weight decomposition of V is preserved in V and f respects it. So for a highest weight vector v of V , we have f (v) = xv for some
is a U h (g)-module whose classical limit is V implying Ker(f − x Id e V ) = V and so f = x Id e V . Lemma 1.1 implies that an irreducible U h (g)-module is determined by the underlying irreducible g-module. Every irreducible finite-dimensional g-module has a highest weight ν ∈ h * (where h is the Cartan sub-superalgebra). We denote such a module by V ν . The set of isomorphism classes of irreducible finite-dimensional g-modules are in one to one correspondence with the set of dominant weights. These modules are parameterized by N m+n−2 × C and are divided into two classes: typical and atypical. We denote the weight corresponding to (c, α) ∈ N m+n−2 × C as ν 
Using the notation at the beginning of this section we have that
For the braid closureT V of T V (which is also its quantum trace in T M ) one has F m|n (T V ) = qdim(V ) F m|n (T V ) : Id V which is zero if V is typical. Hence F m|n is zero on any closed ribbon graph colored by typical modules. In [8] , the authors define a modified quantum dimension which is a function d from the set of typical modules to
, which has the property that the mappingT V → d(V ) F m|n (T V ) : Id V is a well defined invariant of M-colored closed ribbon graphs. We denote this invariant by 
where f (L) is a function depending only on the linking matrix of L (see [8] ). Here we use the notation q = e h/2
happens to be a Laurent polynomial in these k + 1 variables (for knots there is a denominator coming from d). The function M c g is a multivariable invariant of (unframed) ordered oriented links.
For g = sl(m|1), dominant weights are given by N m−1 ×C which can be written in the basis (w 1 , . . . , w m ) of the fundamental weights. As above irreducible finite-dimensional g-modules
LG m|1 be the Links-Gould invariant (see [4] and references within).
Theorem 1.
LG
Proof. In [4] the Links-Gould invariant is computed using an R-matrix of U q gl(m|1) ≃ U q T 1 ⊗ U q sl(m|1) (isomorphism of Hopf algebras) where U q T 1 is the (co-)commutative Hopf algebra of polynomials in one primitive variable t. They consider the 2 m -dimensional minimal typical sl(m|1)-representation V ν 0 α with highest weight αw m = (0, . . . , 0, α) (for a generic value of α) on which t acts by some scalar. Hence, they compute the Reshetikhin-Turaev invariant of a
where each component is colored by V ν 0 α with a R-matrix that, differs from ours by a scalar and is rescaled so that the corresponding framed tangle invariant does not depend of its framing. In other words, up to a correction for the framing the Links-Gould invariant of a link L is given by T LG
The theorem then follows from Lemma 4.8 and the fact that
Remark 1.2. Theorem 1 gives another proof that the Links-Gould invariant of a (1, 1)-tangle T depends only of the link closure T of T . (This is not trivial for tangles with several components).

In [4] (Theorem 5) the following relation between
LG and the Alexander-Conway polynomial is proved:
We now prove a generalization of this theorem that shows that the invariants M 
unchanged by a reordering of the components of L. (6) (Conway Identity)
where (lk ij ) i,j=1···k is the linking matrix of L.
Theorem 3. For any oriented link L with k ordered component, one has
′ satisfies the Axioms (1), (2), (4) and (5) of Lemma 1.3 (we neglect the fact that M ′ leave a priori in the extension Q[q
. Axiom (3) also follows easily from
1 ) where the second equality follows from Lemma 4.9.
Let us show that the Conway Identity and the Modified Doubling Axiom hold. To do this we need to recall the following facts. For a link L whose ordered components are colored by
where w m is the m th fundamental weight, <, > is the symmetric non-degenerate form on the Cartan sub-superalgebra defined in [8] 
where V i is the irreducible module with highest weight ν i which is equal to ν 
We consider a 2-cable of the long Hopf link whose close component is colored by
It acts on each simple summand
by a scalar f i . These scalars have been computed in [8] (where they are denoted by 
) is a non-zero Laurent polynomial in two variables evaluated at q and q 2α . Hence in a ring where the f i − f j are invertible, (for example, for irrational values of α, γ ∈ C when q = e √ −1π/m ), the projector
as linear combination of power of f . Hence the decomposition of Equation (3) is still valid for q = e
and 0 < j < m, one has d( V j ) = 0 (see Lemma 4.10) . So modulo the kernel of F ′ , one has,
Using this, we are going to show that for q = e √ −1π/m , F ′ satisfies the following two skein relations: 
where the (−1) m sign comes from the parity of v − . The negative braiding acts by the inverse values and the skein relations (4) and (5) are consequences of this.
The skein relation (4) implies that M ′ satisfies the axiom of the Conway identity.
We now use (5) to check the modified doubled axiom for the oriented link L with its k ordered components colored by V ν 0
We choose a framing on L so that lk ii = 0. Hence L ± can be obtain from L by replacing L i by two parallel copies modified in a small ball as in the left hand side of (5). This gives
where the j-th component of L + , L − and L is colored by α j except the i-th component of L which is colored by 2α i . Now as lk ij (L ± ) = lk ji (L ± ) = 2lk ij (L) for j = i and lk ii (L ± ) = ±1, the framing correction of (2) gives
where t = q m . Hence M ′ is the Conway function.
The Hecke Category H
In this section we introduce the Hecke category and consider its relations with the ribbon category of U h sl(m|n)-module. We fix an integer N ≥ 3. 
We first briefly recall the definition of the R-linear category of framed oriented tangles T . Let D 2 = {z ∈ C : |z| ≤ 1} be the standard disc in C ≃ R 2 and let M be the free associative monoid in two symbol {+; −}. To (α, β) ∈ M 2 we associate the oriented 0-dimensional submanifold {( ] where p and q are the respective length of α and β. This set of points is oriented according to α and the opposite of β.
The set of object of T is M. The set of morphisms from α to β is the R-linear space span by isotopy class of framed oriented tangles T in D 2 × [0, 1] such that the orientation of the boundary ∂T = T ∩ D 2 × {0; 1} is given by (α, β) and the framing on a point of ∂T is given by the vector (i, 0). We denote this set of morphism by T (α, β). The composition of T 1 ∈ T (α, β) with T 2 ∈ T (β, γ) is obtained by gluing the pairs (
The tensor product for objects comes from the monoidal structure of M and the tensor product of morphisms is induced by trivial embeddings
. We follow [3] to define a framed version of the Hecke category which we denote by H : H is the quotient of T by the HOMFLY-PT skeins relations
We denote F H the quotient functor from T to H.
2.2.
Relation with U q sl(m|n). Let V be the standard representation of g = sl(m|n) of dimension m + n (which is an atypical irreducible module). It is a well known fact that F m|n restricted to tangles whose components are all colored by V satisfies a HOMFLY-PTtype skein relation. More precisely, let F V : T −→ T U h (g) be the functor that colors each component of a tangle with V . For δ ∈ Z * , let
] be the ring morphism defined by 
.
Furthermore, F m|n is R-linear in the following way:
∀x ∈ R, ∀T ∈ Mor(H), F m|n (xT ) = ψ m−n (x)F m|n (T ).
Framing and grading.
There is a little difference between the framed and unframed version of HOMFLY-PT. One recovers the unframed skein relations by taking a = v. But this quotient makes the statement of Proposition 2.1 and the cabling process less natural. So we prefer to use a framed version and introduce a "framing-degree" (f-deg) to make the correspondence more clear. The category T possess a natural Z-grading: if T is a tangle define f-deg(T ) ∈ Z as the total algebraic number of crossing of T . For the ring elements, we consider the Z-grading given by f-deg(a
Thus the spaces of morphism of T are Z-graded vector spaces. One can easily check that the HOMFLY-PT relations are homogeneous and thus H inherits this Z-grading. If L is a framed link with [1, 3] ). Moreover, c λ H r is isomorphic to the ring of d(λ) by d(λ) matrices over R. For any R-admissible diagram λ, we choose a minimal idempotent y λ of type λ (i.e. y λ ∈ c λ H r ). This choice is unique up to conjugation and f-deg(y λ ) = 0 (see [1, 3] ). 3.2. Classical limit. Fix δ ∈ Z * . We consider the surjective morphism of Q-algebras π from H r to the group ring of the permutation group Q[S(r)] given by:
Then π(y λ ) is a minimal idempotent of the simple factor of Q[S(r)] of type λ. We now use the super version of the Schur functors "S λ V " in the following proposition which is the quantum analog of a theorem of Sergeev ([17] Theorem 2):
. .) (with λ i ≤ λ i+1 and λ i = 0 for i >> 0) and denote by
. .) the conjugate partition of λ and λ
Proof. Recall that C the functor "classical limit" is obtained by sending h to zero:
In the following, we will identify the g-module V with C( V ). The representation of H r ≃ H(+ r , + r ) given by C • F m|n factor as ρ • π where π : H r −→ Q[S(r)] is the projection of H r onto the group ring of the permutation group S(r) and ρ is the super representation of S(r) in V ⊗r (this is true because the universal R-matrix of U h (g) is 1 modulo h). Since π(y λ ) is a minimal idempotent of the simple factor of Q[S(r)] of type λ, ρ • π(y λ ) is a projection on an irreducible g-submodule S λ V of V ⊗r (see [17] ). Hence F m|n (y λ ) is a projection on a U h (g)-module S λ V ⊂ V ⊗r whose classical limit is S λ V . Since S λ V is irreducible it follows that S λ V is irreducible. The theorem then follows from the description of the gl(m|n)-module
is a framed oriented link with k components, and λ * = (λ 1 , . . . , λ k ) is a k-tuple of R-admissible Young diagrams, one can define the λ * -satellite of L, denoted sat λ * (L), as the linear combination of links obtained by replacing a regular neighborhood of L i by a torus that contains the braid closure of y λ i , for each 1 ≤ i ≤ k. Suppose now that L is the closure of the (unique up to isotopy) ( 
where lk(L) is the linking matrix of L and |λ * | is the vector column (|λ 1 |, |λ 2 |, . . . , |λ k |). As y λ i is an idempotent in H,
Now since y λ i is minimal, we have F H (sat λ * (cut(L, L i ))) = x.y λ i for some scalar x ∈ R. Thus, using the convention given at the beginning of Section 1 we have
We call H the colored HOMFLY-PT polynomial and
Remark 3.3.
(1) As shown in [1] the twist acts on y λ by the scalar
where n(λ) the case of a knot (that is if there is only one component) , it follows from [14] that
the first sum runs over the coordinates of the cells in the young diagram λ). So one can re-normalize the colored HOMFLY-PT polynomial to get an invariant of colored oriented link (not framed). For example, if
is always a Laurent polynomial in the variables a, v, s but this is not true for links with several components, even for the Hopf link (see [13] ).
Proposition 3.4. For any framed oriented link L with k components and any
where
Proof. The proof of (1) follows from the commutative diagram in Proposition 2.1. For (2) we have F H (sat λ * (cut(L, L i ))) = x.y λ i for some x ∈ R. Proposition 2.1 implies that F m|n (x.y λ i ) = ψ m−n (x)F m|n (y λ i ). Now Proposition 3.1 states that F m|n (y λ ) is a minimal projection on an irreducible U h (g)-module S λ V ⊂ V ⊗r . Thus, the commutative diagram of Proposition 2.1 implies (2). Finally, (3) follows from (2) and the definition of F ′ m|n , since all three quantities in the statement correspond to the scalar associated to the (1,1)-tangle whose closure is L.
Remark that the first two statements of the proposition are still valid when n = 0, i.e. when g is the Lie algebra sl(m). 
Rank-Level duality in H and Kashaev's invariant
Throughout this section, N is an integer greater than 2 and ξ = e √ −1π/N is the primitive 2N root of 1. In [2] an invariant of links L whose components are colored by complex numbers is defined. This invariant come from the Reshetikhin-Turaev functor of tangles colored by U q (sl(2))-finite dimensional modules when q is a root of unity (see [16, 9] ). More precisely, each component of L shall be colored with the nilpotent representation of U q (sl (2)) with highest weight the complex number associated to it. 
is the framed ordered link invariant given in [16] . The invariant ADO N is a slightly modified version of the analogous invariant constructed in [2] . Contrary to [2, 15] , here we require that the two dimensional representation of U q (sl 2 ) has weight 1. 
The colored Jones polynomial can be computed as the sl (2) 
where 
Proof. We can apply statement (2) of Proposition 3.4 to sl(2). As we said, the N − 1 th symmetric power of the standard representation of sl (2) is the N-dimensional irreducible sl(2)-module whose deformation is used to compute J N (L). We just need to make the standard correction of H ′ so that it is a link invariant (i.e. framing independent).
We now introduce a symmetry of H that leads to the rank-level duality of modular categories of type A. 
where λ * ′ is the k-tuple of the conjugate young diagrams of λ * .
Proof. First, Θ is well defined on H because Θ fixes the HOMFLY-PT skein relations. In [1, 3 ] the symetrizer and antisymetriser of H r are defined respectively by:
where w π are braids of length l(π) (the positive permutation braids). Clearly Θ(f r ) = g r and Θ(g r ) = f r . Now if λ = (λ 1 = l, λ 2 , . . . , λ k ) is R-admissible, then so is its conjugate partition λ ′ = (λ
Furthermore, c λ H r is the intersection of the two two-side ideals of H r generated by f λ 1 ⊗ · · · ⊗ f λ k and g λ ′ 
where w = t |λ * |.lk(L).|λ
Proof. Equation (6) follows from a direct calculation. If all young diagrams have size less than N, there will be no pole at s = ξ in the expression of the associated idempotents y λ i . The factor (a −1 v) w is invariant by Θ and (a
]. Then the last statement of the lemma follows from Equation (6) . 
where the first equality follows from the definition of M 0 sl(N −1|1) and Lemma 4.6, the second from Proposition 3.4 (3), the third from Lemma 4.5, the fourth from Proposition 4.4 and the last equality follows from Proposition 4.2.
We are lead to the following conjecture. 
